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Abstract:

An eco-epidemiological model consisting of a three-species food web model, with an
SIS epidemic disease in the intermediate predator, is proposed and analyzed. It is
assumed that the disease transmitted between the individual of intermediate predator
species only through an external factors as well as contact. The existence, uniqueness and
boundedness of the solution of the system are studied. The existence of all possible
equilibrium points are discussed. The local as well as global stability analysis of each
equilibrium point is investigated. Finally further investigations for the global dynamics of
the proposed system are carried out with the help of numerical simulations. It is observed
that the system has one type of attractors, its approaches asymptotically to one of its
equilibrium points.
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ecological models [9-11,15-26]. On the
other hand an epidemiological systems
The food web is one important have been extensively studied in
approach to the study of an ecological literatures, see for example [12-14] and
community. The theoretical studies of the reference there in.
food webs must contend with the question It is well know that, in nature species
of how to couple the large number of does not exist alone. In fact, any given
interacting species so that all the species  habitat may contain dozens or hundreds of
persist for the forward time. One line of species’ sometimes thousands.
investigation assumes that the "building Consequently, the possibility of spread of
blocks" are species interacting in pair wise  the disease in a community becomes
fashion [7-8]. Behavior of the entire larger as the number of infected species in
community is then assumed to arise from the habitat increases. Accordingly, the
the coupling of these strongly interacting  study of the effect of disease on the
pairs. This approach is tractable to dynamical behavior of interacting species
theoretical ~ analysis. ~Moreover, the has a vital biological significance in
considerable intuition with two-species ecology. Keeping the above in view,
models may be applied to community ecology and epidemiology are major and
food web questions. The critical behavior  very interested fields for the study of their
to community function may arise only own right. But there are some common
through the interaction of three or more feature between these systems. It is
species. In fact, the behaviors seen in interesting and important from biological
community models involving three or point of view to study ecological systems
more species are much more complicated under the influence of epidemiological
than those seen in continuous two species  factors. Quite a good number of studies

1. Introduction:
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have already been performed in eco-
epidemiological systems[1-5]. Anderson
and May(1982)[6] who were the first
scientists which proposed an eco-
epidemiological model by merging the
Lotka-Volttera prey-predator model and
Kermack and Mckendrick SIR
epidemiological ~model. Most of the
studies on eco-epidemiological systems
are based on prey-dependent model with
disease in the prey population. In this
papper, a three-species food web model
with an SIS disease in intermediate
predator is proposed and

2. The mathematical model

Consider an  eco-epidemiological
model consisting of a prey species X(T)
that denotes to population density of prey
at time T ; intermediate predator that
divided into two classes: susceptible v, (T)
and infected v,(T), here v,(T) and Y,(T)
represent the population density at time T
for the susceptible and infected
intermediate predator respectively; and the
top predator species that assigned to its
population density at time T by z(T) .
Now in order to formulates the above
model mathematically the following
assumptions are considered:
1. The prey X (T) grows logistically in the
absence of predation with intrinsic
growth rate r >0 and carrying capacity
K>0.
The predators Y,(T), Y,(T) and Z(T)
consume the prey X(T) according to
Lotka-Vollterra functional responses
with attack rates a; >0, a,>0, a; >0

and conversion rates e >0, e, >0 ,
it
assumed that the top predator z(T) also

preys upon the susceptible intermediate
predator Y,T) and infected

intermediate predator Y, (T) with attack

e; >0 respectively. Further, is
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rates b, >0, b, >0 and conversion rates
e, >0, es >0 respectively.

. The disease transmitted within the
population of intermediate predator
only by contact between the
intermediate ~ predator  individuals,
according to simple mass action law
with contact infected rate ¢, >0, and
through an external source for disease
with an external infected rate ¢, >0 .

. The infected
intermediate

of
1S

individuals

predator  v,(T)
recovered and they become susceptible
Y,(T) again with recover rate constant

p>0-

. It 1s assumed that the disease does not
caused death instead there is natural
death rates only represented by d, >0

and d, >0 for the intermediate predator

and top predator respectively.

Accordingly, the path interactions
between the species in the above model
can be illustrated in the following block
diagram.

Blok diagram of our proposed model.

Moreover the dynamics of the above
model can be represented by the following
set of nonlinear first order differential

equations:

d—X:rX
dT

S e XY, “BY.Z (@, @)Y, + A, ~4Y,,(0)20

(1—%)—a,XY, —a,XY, —a,XZ, X (0)> 0

% =e,a,XY, —b,Y,Z +(a, +a)Y,)Y, - fY, —d\Y,.Y,(0) >0

g—i =e,a,XZ +e,bY,Z +eb,Y,Z2-d,Z2,2(0)>0

(M
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Clearly, system (1) is a three-species
food web model involving an SIS
epidemic disease within the population of
the intermediate predator only.

Note that the above model contains 16
positive parameters in all, which makes
mathematical analysis of the system very
difficult. So in order to reduce the number
of parameters and determined which
parameter  represents  the  control
parameter, the following dimensionless
variable are used:

X a,Y a,Y a,zZ
t=rT,x=—",y,=—"L,y,="22 7="3—
K Y r Y2 r r
Accordingly, system (1) can be
rewritten in the following non

dimensional form:

dx_
dt

d
% =nxy,
dy,

T{= LXY, =Y, 2+ (1 +1,Y,)Y,

X(]_X)_Xyl_Xyz_X2: fL(% Y1, Y2,2)
—LYZ= (G +0Y,)Y, Y, — 1Y = (6., Y,,2)
“No¥> —Y: = f,(% Y, ,.2)

dz
E: X2+, Y2+ 0:Y,2- 1,2 = (XY, Y,,2)

()
here x©0)>0, y,(0)>0, y,(0)>0 and z(0)>0
with the following constants represent the
non dimensional parameters

_&akK re— Py ) by
= 5= 9 =" h=_—">
r ra, q 3
d a
o=—1 > r10=£ s orp=C f7—eza2K
r r r r
= =—=> r8 =—> I s
r a, as q
esb d
ry=—2 andp, 22
a, r

It has been observed that the non
dimensional system (2) contains 14
parameters only, while the original system
(1) contains 16 parameters .

Obviously the interaction functions
f,f,,f, and f, of the system (2) are
continuous and have continuous partial
derivatives on the state space R! ,

therefore these functions are lipschizian
on its domain R and then the solution of

system (2) with non negative initial
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condition exists and is unique. In addition,
all the solutions of system (2) which
initiate in R* are uniformly bounded as

shown in the following theorem.

Theorem 1: All solutions of system (2)
that initiate in the state space R? are

uniformly bounded in the region
‘Pz{(x,yl,yz,z)e RI:0<ax+ry, +y,+bz szc—a}
where,

o
a=max{rr,,r,br, },b= mm{g,”}
rl3 r12

and ¢ =min {1, (P }

Proof. From the first equation of the

model, we have %gx(l_x) then by

solving this differential inequality we get
xt)<t  as  t—o oo Now  let
(x(t),y, (1), Y, (),z(t)) be any solution of the
system (2) with the non negative initial
conditions. Assume that
R=ax+ry,+y,+bz , then from the
system (2) equations we get

drR

AR 2a—c(ax+r,y, +y, +bz)
t
=2a-cR
So again by solving the above linear
differential inequality we get that
R(t)nga ast— .
c

The proof is completed.

3. Existence of equilibrium points

It is well known from the biological

point of view that, the existence of
intermediate predator population
independently from its prey population is
impossible  because  the  predator
individuals can not be survive without the
existence of the prey individuals.
Therefore, system (2) have at most five
nonnegative equilibrium points, which can
be described as follows:

The trivial equilibrium point
E;o =(0,0,0,0) and the axial equilibrium
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point E; =(1,0,00) are always exist. Xy, —LY,Z+ (5 +1Y,)Y, —FY, — LY, =0
However the intermediate predator free X+ MY, +13Y, —h, =0
equilibrium point E,, =(X,0,0,7)

(r 0.0 ) Straightforward computations give that:
= ﬁs Vs -

) " iy woha (M2 N3
exists under the condition r,, <r,,. = - L Y1 f Y2
The top predator free equilibrium point
E33 = ()’Z, 91 N yz ,0) Whel‘e y _ ] 'A‘1 y1 + C]
C+5% s +Bry :
x=1-(§,+y) 3 $=——-— and
D+rm ; ; ,
N A+rsm Z=(1—Mj+(u—ljyl+[l3—lJy2
Y2 = r M M M
B+

3 2 B
here  we have A= —(r;+r) Asy” +B3y;" +C3y + D3 =0

B=r+r,>0 , C=r-(+r and where

D =r, — 14y, While m is a positive root for
Ay = A(A/A - BB,)

B, =2AAC,-A(B,+C,B)
- Bl (Cle - r3r9B])
Accordingly, E,; exists uniquely in  ¢C,=AC’>-ArLC,-C,(r,B,+BC,)

r,r,m’ +(r,A+r,D - BC)m’
+(AD-Brr,-r,C)m —-nrr, =0

the IntR? of «xyy,- space under the +2r,r1,B,
following set of conditions: D3 =r5(r3151 —C,Cy)
ith
O+ (R 1) > L) +rnn, |
or AI:rZ_rIL_rZL >
11 rll

Ml + (K + 1) < GGG+ 1)+ 6(0G + 1) s
A2 = rg —(I’7 +r8)7,

M
M +TsM> 15+ Fg

N3
o Blzrz—(rl+r2)r——r4 )
379 1
r+=>->r +6, with r, +m>rr, 11
Mo
13 . 11
I +=>=<I + 1, with r,+rm<rr, e
9, +9, <1 Cl=(r1+r2)a—(r2+r3+r6) ’

Ngt.e that it is easy to verify that, Cy =(ry +1g )r174_(r6 Tr 1)
conditions guarantees that M
(rA+rsD-BC>0 Or AD-Bryr-rC<0 )
and y,>0,9, >0, X>0.

Finally the positive equilibrium point
E, = (X*, Y, y;,z*) exists uniquely in the

That is if the set of the following sets of
conditions holds:

A, >0;B, >0 with D, <0,

* *
Mg > T2y +h3Y2

Int.R?* if there is a positive solution to the )
Mg <hp < mm{r]z,rn}

following set of algebraic equations:
1-Xx-Yy,-y,-2=0 A1Y1+C1<
r1Xy1_r2y1z_(r3+r4y2)y1+r5y2_r6y1:0 r5‘"Bly1

56
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4. Stability analysis
points

of equilibrium

Now in order to study the local stability
of system (2), the Variational matrix of
system (2) is computed at each of the
above equilibrium points and then the
eigenvalues are determined as shown in
the following.

The Variational matrix at the trivial
equilibrium point E; is given by:

1 0 0 0

0 —(r,+r,) r 0
V(E,)= ’

E0) 0 rr, —(r,+r,) 0

0 0 0 r,

So, the eigenvalues are
Yo =1>0, o3 =-1, <0

YVo2sVos =

_ (m+2r5+10) +
— T

Theorem 2: Assume that E;, is locally
asymptotically stable in r:. Then, it is
globally asymptotically stable, provided
that the following conditions hold:

r,<l1

Ma')({r77rll}S r.1 Smin{rérQ’rH}

r12 < r2 r9

My <T,

Proof: Consider the following function:

L (X, Y Y2, 2) = h[x=1=In(X)]+ ry, + y, + 2

it is easy to see that
Li(%Y;,Y5,2)eC'(RY,R) , in addition
L,(1,0,000=0 , while L (xy,y,,2)>0 ;
Y(X,Y,,Y,.2) R} and (x,y,,y,,2) # (1,0,0,0) .
Further

5\/(@ +20 + 1) =4[, +r)(r +1,) — AAN I

Therefore E,, is a saddle point.

The Variational matrix at the axial
equilibrium point E,; can be written as
-1 -1 -1 -1
0 h- (rz + rn) I 0
0 1A r _(rs + rIO) 0
0 0 0 r, =,

V(E;) =

Then the eigenvalues of V(E;,) can be

written as follows
7y =-1<0,4,=r,-n,

7i2+t713 =An=n —(r3 +r6)+r7 _(ré + rlO)

72713 = Ay = (1 = (15 + 1)) (17 = (g + 1))~ 1315

the local

asymptotically stable provided that the
following conditions are satisfied:
1 <Tg4

Consequently, Ej3; is

(r = (r3 +1))(ry = (5 +119)) > K315y

Otherwise it is saddle point.
Furthermore in the following theorem the
global stability conditions of E,, are

established.
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- _rl(x _1)2 -h (1 ) )Xy] - (rér‘) -h )yl
_(rl - r7)Xy2 _(rs - rl)y2 _(rl - rll)xz
- (rzrq —h, )ylZ - (rs =1 )yzz
Now due to the given conditions, it is

dt

obtain that %<0 . Therefore, % 1S

negative definite, and hence the proof is
complete.

[
Theorem 3: Assume that the intermediate
predator free equilibrium point E,, of
system (2) exists. Then it is locally
asymptotically stable provided that

X<minf2 2.+ 5| (57, o
ab >r,r,r,
Where
a=rx-rz-r,-r,and b=rx-rz-r,-r,

Proof. It is easy to verify that the
Variational matrix for the system (2) at
the point E;, is given by

-X
0 a r, 0
0 nry b 0

EYA

V(Es) =
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Then the characteristic equation
corresponding to the equilibrium point
E,, 18 given by:

y*+D,y’ +D,y + D,y+D, =0
here D, =x-A , D,=-XA+B+r,xz ,
D,=XB -r,xzA, D, =r,,xzB with A=a+b
and B =ab-r,rr,. Now straightforward
computation shows that, The conditions ,
guarantee that A<0 and B>0 .
Consequently, it obtain D, >0  for

i =1,2,3,4 and that;

+1,X°7A(2B - A*)> 0
Thus by Routh-Hurwitz criterion all the

eigenvalues of V(E;,) have negative real

parts, that is the intermediate predator
free equilibrium point E;, is locally

asymptotically stable, and hence the proof
is complete.

Theorem 4. Assume that the intermediate
predator free equilibrium point E;, is

locally asymptotically stable and let the
following inequalities hold.
o

Then it is globally asymptotically stable in
the RY.

Proof. According to condition (13), there
exists a positive number C;, such that,

I I . Il
max{wm} <o < mm{w,
M " X

Now, consider the following function:

- < X
L(X.¥1,Y,,2) = r1101[X_X_X1II(XjJ+ LY,

N 4
+yZ+C‘(Z_Z_Zln(zD

6 r9 r2 r9
12

rr, r. .
ax{”,7} < mln{ ,
r] 1 rl 1 rl 1

‘ooq

r6
X r

x|
—

f[e Nfy Iy
X

b
Mo N3
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that
and

It is easy to
Ly (% Y1.¥2.2) € C'(R{,R)
L,(X,0,0,2)=0, while L,(x,y,,y,,z)>0 for
all (x,y,,y,,2)#(X,0,0,z) in R’ and. Now,
since straightforward computation leads
to:

S€C

L,

-\
dt <-I,C (X - X) _(rllcl - r]r9)xy]
_(r]]Cl - r7)xy2 _(r6r9 - rllC]X)y]
_(r6 - r”cli)yz _(rzro - r]ZCI)ylZ
_(rs - nscl)Y2Z
Consequently, due to conditions, we

obtain that: a,

5 <0 for all initial point

a,
dt
definite and then L, is a Lyapunov

So the

%VY,,Y,.2,) e R} . Hence, is negative

function with respect to E,, .

intermediate  predator free equilibrium
point E,, is globally asymptotically
stable in the R?, which complete the
proof.

Theorem 5. Assume that the top predator
free equilibrium point E;; = (%,9,,9,,0) of
system (2) exists. Then it is locally
asymptotically stable provided that

R < min{r"yz thtr , o+ Mo — r4r991 , My — rlzyl - ﬁ;?z}

r7 rl 1

E10

Y,—h—h _2r6)(r5 - r4372)

> L%y,
Proof. It is easy to verify that the
Variational matrix for the system (2) at

the point E,; is given by:

((rl + r7))A(+ r4r991 -

-X
-ny
-9,
MR+ 09+, =1,

-X
AR
RALLY, -1, T
0

-% -%
/B A P Fe
r.y.
0

=(0y)aus

V(E,) =
) [ ANA

0
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Clearly the characteristic equation of
the above Variational matrix can be
written as

(7 +B,2 +B,A+B, b, —2)=0
Here
B, =—(b,, +b,, +by;) >
B, =b,b,, ~bpb,, +byby, ~bby, +byby ~byb,  and
B, =—b,,b,,b;; —by,b,;b,, —by;b, by, +Dy0,;, .

+D;,by,b,, +by,b, b,

Accordingly, either

by —A=0
which gives the eigenvalue in the fourth
direction (i.e. z— direction) and then
A, =by, , or we have

2B +B A2 +ByAi+B;=0

Now  straightforward  computation
shows that, conditions , guarantee that
by; <0 and by, <0, by <0
b ,b3, —by,by <0, 4, <0,B,>0,B, >0and

(bzz +b,s )bzs +b,3b,, >0, hence

by, <0,

BB, — By = (b, +by,)(b,b, —byby,)
+(by, +by;)(bysby, =y bsy)
—by,by;(2by, + by, +byy) +by,bysDy,
+ [(bzz +by; )bzs + b13b21]b32 >0

Thus by Routh-Hurwitz criterion all the
eigenvalues of V(E,,) have negative real
parts, so the top predator free equilibrium
point  Ey =(%,9,,9,,00 is  locally
asymptotically stable, and hence the proof
is complete

Theorem 6. Assume that the top predator
free equilibrium point Ei; =(%,9,,9,.,0) 1s
locally asymptotically stable in R?. Then
it is a globally asymptotically stable in the
interior of the region rcRr?, if the
following condition holds

R . K. 1., |1 1,
2y 9, +—X <m1n{—, —2,—*}
r1 rl4 r7 r14 r14 rl 1 rl r12 r7 r13

ny 1792 ny 792

59

. o \72
(rs —r4y1)+(r3r9+r4r9y2)} <4["4YZ+"3 *"6*r1xj[ro+"|0*"7x*"4"9hJ

where

R X aa’ To 10—k
F:{(x,yl,yz,z)eRf:X<m1n.{3 6r1 4)’2, 6 10r749Y1}

Proof: Consider the following function:

o o1 [ X t, .
L3(X, ylsyzsz)=t|[X_X_X1n(§jj+j(yl - )2 +

t .
i(yz - )2 +1,2
where t,t,,t, and t, are positive constants

to be determined.
It is easy to see that | (x y,,y,,2)eC' (R*,R)>

in  addition | (xy,9,0=0 , While

V(X Y,,Y,,2) € R} and

L3(Xsy]=y29z)>0 ;
(Xa yl H y2 H Z) #* ()25 91 s 92 ’0) ° Further’ Slnce

dL, o\ N . .
— :_tl(x_ X) +(tzr1y1 _tl)(x_x)(yl - YI)

dt
+(I3I’7)72 -4 )(X_k)(yz - 92)
+(tn, =t )2x+ (4,09 + 692 + 1,8 -1,t,)2
+(tr, ~Ln9)yiz—-t(rny, +r+r, —rx)(y, - 9,)
+[t2(r5 - r4§/,)+t3(r3r9 + r4r9§/2)](y, - 91 )(yz - 92)
_ta(rs +ho —HX-NLY, )(yz - yz )2
+(t4l’” —t3r,§)72)yzz

So, by choosing t =1, t2=ﬁ
1)1

=1 _nh%
376, 47 iy

substituting them in the above equation
with using condition we obtain that:

) +7>A<

, and then
s N4

dL, v (ny,+r+r,-rx) .
"B < (x=%V = -
< (x—%) 9, (v, = 9,)
(rs - r4§/1) (r3r9 + r4r992) _\ Y
{ AR (v = 9. Xy - 9)
_(rs+r10_r7AX_r4r9yl)(y2_yz)2
r7y2

Moreover by using conditions, we obtain
that

(r4yz Lt _rlx)(

- vi— ¥
ny, %)

( ) Z
fo+ Ty —HX-NLY, O
- - Y=Y,
g,

s
at

in the interior of I', and hence the proof is
complete.

Clearly we have , is negative definite

}
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Theorem 7. Assume that the positive
equilibrium  point g, = (x",y/,y;,z") of
system (2) exists and let the following
inequalities hold:

* * * *
T Ty, AT TgZ =Tyl + T + T,
X" <mind 2 4Y2 + 13 o Iy 4T9Y) +Te +To
n 7

c1122 <1192
2
Q137 <011033

Q232 < 02033

here we have:

= — _ 7713
Q=M A2 T M1 Q3 =—"—>-1 °
2 ]
I’12 * * * N
q22 :7* —I‘1X +I’22 +I’4y2+l’3+r‘6 >
271
_ ol h3 M|, Bshy | Blohs 5 and
O3 =Ty R
i N LYr  RY2

r13 * * *
U33 =— "X +1RZ —Ilhy +T+ 1y
E35)

Then it is locally asymptotically stable in
the Int.R}

Proof. It is easy to verify that, the
linearized system of system (2) can be

written as
dX du
2 === =V(Ey)U
praiion (Es4)
here x = (xy,.y,.2)'  and U = (u;,u;.u5,u,)"

with U1=X—X* > l'lzzyl_YEk )
u,=y-y, and u, =z-2". Moreover,
V(E3y) = (Cij )4X4 s 0, j=12,..4 the

Variational matrix of system (2) at Ej,

1S

in which

Ci=—X,C,=-X C;3=-X

= Cy=—X,
Ch=hY,,Ch =KX —LZ -1y, -0

=-hLY,, G =hY,,

» Cpy =Y, +15, Cy

Cs, =r9(r3 +r4y2)
Cyy =X —LZ +1,LY, =T, =T R

Cy=-NKY, , Cy=NzZ , CuH=10,2Z

C,u=r,2 and c, =0

Now, consider the following function

60

2 2 22
MUy MUy rsuy U

L, =i Nty | MWy | Ui
2X 2y, 2Ry, 2z

It is clearly that L,:R} >R is a

continuously differentiable function that
satisfy that
L4(0,0,0,00=0 and L,(u;,u,,u;,uy) =0 for

all (ul 5 u2 s u3 s U4) * (0,0,0,0)
Hence L, is a positive definite function.

Now, by differentiating L, with respect to
time t, gives

dly nu; dup Uy du, nzup dus uy duy

dt x"dt rzyl* dt rgy; a ;"

Substituting the values of %;i =1,2,3,4 in
t

the above equation, and after doing some
algebraic manipulation; we get that:

7t4_—JUIZ+qIZUI Z_A 22_4 12
+ q13u1u3 _lu:;z 122 22 +q23u2 5 _lu:;z

Obviously, due to conditions, we get that

2 2
dL4<_[ e /qzzuz} _[ [, /qzsus}
dt 2 2 2 2
2
5t

Clearly dd% <0, therefore the origin
and then E;4 is locally asymptotically

stable point in the Int.Rf and hence the
proof is complete.

4.5 Numerical Simulations

In this section the global dynamics of
system (2) is investigated numerically.
The objectives are confirm our analytical
results and discuss the role of the
existence of disease in the intermediate
predator population on the dynamical

dt
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behaviour of the system. For the following
set of hypothetical, biologically feasible,
set of parameters, definitely different set
of hypothetical parameters can be chosen
also, system (2) is solved numerically
starting at different initial points as
illustrated in Fig. (1a)-(1d).

=075 1r,=05,1,=02,1,=05, r,=02, r, =0.(
r,=0.5,1,=0.6,r,=0.75,r, =0.15,r, =0.3,r,, =0.2

r,=025r,=02

3)

Note that from now onward we will use
blue color to describes the trajectory of
the prey X ; the green color to describes
the trajectory of susceptible intermediate
predator Y, ; the red color to describes the
trajectory of infected intermediate
predator Yy, ; the sky blue color to
describes the trajectory of top predator z;
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Fig. 1: The solution of system (2) approaches
asymptotically to the positive equilibrium
point E,, =(0.33,0.18,0.21,0.26) for that data
given by Eq. (3) starting from two different

initial points (0.8,0.7,0.5,0.3) and
(0.4,0.5,0.2,0.7) for sold line and dashed line
respectively. (a) Trajectories of X . (b)

Trajectories of y,. (c) Trajectories of y,. (d)
Trajectories of Z .

Obviously, as shown in Fig. (1), system
(2) has a globally asymptotically stable
positive equilibrium point in the IntR? for
the data given by Eq. (3). However for the
following set of data, system (2)
approaches asymptotically to the axial
equilibrium point E;, =(1,0,0,0) as shown
in Fig. (2).
=006, r,=05 r,=02,r,=05 r,=02,
r,=0.6, r, =0.05,r,= 06,1, =0.1,r, = 0.02,

r, =0.03,r, =0.025,r,, =0.025,r,, =0.5

“)
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Clearly, the above set of data satisfy
the stability conditions of the axial
equilibrium point E;; =(1,0,0,0).

1

08r

Populations

I

0 1000

2000 3000 40‘00
Time

Fig. 2: The solution of system (2) approaches

asymptotically to the axial equilibrium point

E;; =(1,0,0,0) for that data given by Eq. (4).

5000

Accordingly, the solution of system (2)
given in Fig. (2) confirm our analytical
result in section (4.4). Now further
analysis has been down to investigate the
effects of varying one parameter each time
keeping the rest of parameters as given in
Eq. (3) on the dynamical behavior of
system (2) in the IntR} and the obtained

results are given below.

The effect of varying the attack rate of
the top predator z to the susceptible
intermediate predator Yy, in the range
0<r, <2.06 keeping other parameters as

given in Eq. (3) is studied. It is observed
that system (2) still has a stable positive
equilibrium point in the IntR?, however

increasing this parameter further causes
extinction in the intermediate predator and
the system will approach to the
intermediate predator free equilibrium
point as shown in the following typical
figure.
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Fig. 3: The solution of system (2) approaches
asymptotically to the intermediate predator
free equilibrium point E,, =(0.66,0,0,0.33) for

that data given by Eq. (3) with r, =2.1.

The effect of varying the death rate of
the intermediate predators (susceptible
and infected) in the range 0<r, <0.24

keeping other parameters as given in Eq.
(3) is studied. it is observed that system
(2) still has a stable positive equilibrium
point in the IntR}, however increasing

this parameter further causes extinction in
the intermediate predators (susceptible
and infected) and the system will
approach to the intermediate predator free
equilibrium point as shown in the
following typical figure.
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Fig. 4: The solution of system (2) approaches
asymptotically to the intermediate predator
free equilibrium point E,, =(0.66,0,0,0.33) for

that data given by Eq. (3) with r, =0.25.



Journal of Zankoy Sulaimani- Part A (JZS-A), 2013, 15 (2)

A i -l 6 550305 B K

Now, the effect of varying the
parameter I;; , which stand for the
conversion rate of the top predator from
prey, in the range 0 <r;; <0.39 keeping
other parameters as given in Eq. (3) is also
studied and the following result is
obtained. System (2) has a stable positive
equilibrium point in the IntR?, however
increasing this parameter further causes
extinction in the intermediate predators
(susceptible and infected) and the system
will approach to the intermediate predator
free equilibrium point as shown in the
following typical figure
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Fig. 5: The solution of system (2) approaches
asymptotically to the intermediate predator
free equilibrium point E,, =(0.44,0,0,0.55) for

that data given by Eq. (3) with Ij; =0.45.

Time

An investigation to the effect of
varying the parameter Iy, , which stand for
the conversion rate of the top predator
from susceptible intermediate predator, in
the range 0.04<r, keeping other
parameters as given in Eq. (3) is down and
the following result is observed. System
(2) has a stable positive equilibrium point
in the IntR}, however decreasing this
parameter further ( r, <003 ) causes
extinction in the top predator and the
system will approach to the top predator
free equilibrium point as shown in the
following typical figure.
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Fig. 6: The solution of system (2) approaches
asymptotically to the top predator free
equilibrium point E;; =(0.09,0.25,0.65,0) for

that data given by Eq. (3) with 1, =0.03.

Similarly, an investigation to the effect
of varying the parameter ry;, which stand
for the conversion rate of the top predator
from infected intermediate predator, in the
range 0.17 < r; keeping other parameters
as given in Eq. (3) is down and the
following result is observed. System (2)
still has a stable positive equilibrium point
in the IntR}, however decreasing this
parameter further ( r;<0.16 ) causes
extinction in the top predator and the
system will approach to the top predator
free equilibrium point as shown in the
following typical figure.
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Fig. 7: The solution of system (2) approaches
asymptotically to the top predator free
equilibrium point E;; =(0.09,0.25,0.65,0) for

that data given by Eq. (3) with r;; =0.15.
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Finally, the of varying the death rate of
the top predator in the range
0.16<r, <025 keeping other parameters
as given in Eq. (3) is studied. it is
observed that system (2) still has a stable
positive equilibrium point in the IntR?,
however decreasing this parameter further
( ny<0.16 ) causes extinction in the

intermediate predators (susceptible and
infected) and the system will approach to
the intermediate predator free equilibrium
point as shown in the typical Fig. (8a),
while increasing this parameter further
(r, >025) causes extinction in the top

predator and the system will approach to
the top predator free equilibrium point as
shown in the typical Fig. (8b).
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Fig. 8: The solution of system (2) approaches
asymptotically to: (a) E;, =(0.33,0,0,0.66) for
that data given by Eq. (3) with r, =0.1. (b)
= :(0.09,0.25,0.65,0) for that data given by
Eq. 3) with 4, = 0.3
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Moreover, it is observed that, varying
each of the following parameters (1, I3,

ry, Is, I;, Iz and ry) with the rest of

parameters kept fixed as given by Eq. (3)
do not change the dynamical behavior of

Int.Rf , in fact the
solution of system (2) still approaches to a

system (2) in the

positive equilibrium point in the Int.Ri1 .

4.6 Discussions and Conclusions:

In this section, a three-species food
web model, with an SIS epidemic disease
in the intermediate predator, is proposed
and analyzed. The wuniqueness and
boundedness of solution of the system are
discussed. The existence of all possible
equilibrium points are investigated. The
local as well as global stability analysis
for the proposed system are performed.
Moreover, in order to confirm our
analytical results and specified which
combination of parameters control the
dynamical behaviour of system (2)
numerical simulations are used for
biologically feasible set of hypothetical
parameters. For the set of data given by
Eq. (3), it is observed that:

1. System (2) has only one type of
attractor, approaches to either one of its
equilibrium points.

System (2) still persists and the
solution initiate at any point in the
Int.R? approaches asymptotically to the
positive equilibrium point for all values
of parameters (I, I3, Iy, Is, 7, Iy
and ry) with the rest of parameters kept
fixed as given by Eq. (3) .

Increasing each of the parameters (r,,
I'e and ;) with the rest of parameters
kept fixed as given by Eq. (3) causes
extinction in the intermediate predators

(susceptible and infected) and then the
system lose the persistence.
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4. Decreasing each of the parameters (I,

and r;; ) with the rest of parameters

kept fixed as given by Eq. (3) causes
extinction in the top predator and then
the system lose the persistence.

. Increasing the parameter Iy

Consequently, the parameters (I, Iy,
fy, Ny and r3 ), which stand for

attach rate of top predator to the
susceptible  intermediate  predator,
death rate of intermediate predators,
conversion rates of top predators

respectively represent a bifurcation
parameters of system (2), in fact each
of them has only one bifurcation point.
However, the death rate of top
predator represents a bifurcation
parameter of system (2) with two
points of bifurcations.

(r4 >0.26) with the rest of parameters
kept fixed as given by Eq. (3) causes
extinction in the top predator and then
the system lose the persistence.
However, decreasing the parameter Iy,
(ry <0.15) with the rest of parameters
kept fixed as given by Eq. (3) causes
extinction in the intermediate predators
(susceptible and infected) and then the
system lose the persistence.
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